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Abstract: The aim of present paper, we have taken certain summation formulae due
te Slater [2]; App. (I1I) Verma & Jain [1] and making use of making use of known identities,
an attempt has been made to establish some new reducibility of double hyper geometric series
into single series in original research work.
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1. Introduction:

In this paper, we shall make use of the following well known identities:
n=0 Lik=oB(Kk) = XI5 ¥Yi_oB(kn+ k), (1.1)

An explicit representation of generalized hyper geometric functions

Az, s (a),; [(@r))n 2"
s = T
rF 'hla bZi bt b ] r (b)s ] En-nllln |[ﬁs}|n {1-2}

Valid for |z| <1, provided no zeros appear in denominator. Here a, ,a, ,as,---,a,
and by, bz , b3, -, bs and z are assumed to be complex number.

The shifted factorial is defined by

1 n=0 } (1.3)

(@)n = Ia(a +1) i (@M +1); >0

In order to establish the reducibility of double hyper-geometric series into single series,
we shall be need of the following known summation formulae due to (Slater [2], App.I1I)
and Verma & Jain [1] in our analysis:

qF | - ox, ¥ 1| (e (bxdy)s (4x)m(14y)n (1.4)
—n—x, —n—=y| (142 (1+¥)aml+x+Y)m ’

Y & n
where m is greatest integer =< -.

[Verma & Jain [1]; (2.6) P. 1024]

3;'2[—“, —n=2x, ¥ 1] _  (Ua(+x+¥n (143)0m (14Y)m (1.5)

-n—x, 2y+1 T (l4x)n (142Y)a(14X+Y ) m(Dm

Provided that m is the greatest integer = zﬂ .

[Verma & Jain [1]; (2.13) P.1025]
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. i b B
-n, 2+n+b+2x, 1+x 1 (=) (1) Gatx)y (142)
3Fz b = == - (1.6)
1+2+x (2+2x) (2+0425)n (Vn (3+5)m

where m is the greatest integer < 21

[Verma & Jain [1]; (3.4) P. 1033]

1
DT e G N (1.7)
%a, 1+a—-b, 1+a+n (1+a=hj,
[Slater [2]; App. ITI (IILII)]
a b -n; 1 (a=2b)y (142a=b)n (=bln
3fz| @ * = 2 (1.8)
1+a—b, 1+2b-n]|  1+a-b) (Ga—bln 2y, '
[Slater [2]; App, III (11L.16)]
1
4’?3 i ¥ 1 + E a i ba _n_l 1 — [ﬂ—zb:lﬂ_l:—b}n: {l g}
Za, 1+a—b, 1+2b—-n| O+e-Ba=2b)" )
2 L] »
[Slater [2]; App. ITI (I11.17)]
1
a 1+-a =-n; 1
3Fz , =(1+ a),- (1.10)
sa 1+a+n
[Slater [2]; (2.3.4.10) p.57]
@ b, —m; 1] _ (c—a)y (c=b)n
3" [ c, d ]_ (€)n (c—a=b)y .11

Provided that ¢ + d = a+b-n+1,

[Slater [2]; App. (IIL.2)]
2. Main Results:

In this section, we shall establish our main results:

2.1 Summation (1.4) can be written as:

- (=m) (X M) (U (14X4¥)n (14¥)m(14¥)m 2.1.1)
k=0 p(—n—x)p(—n-¥)k ~ (14Zhn (14¥)n (Un (1424+Y)m ' o

Multiply both side by A,Z™ and summing over n from 0 to = in (2.1.1), we have

n=ee wn  AgZ" (g (—n—x)p (143} Er A I (=) (L) (L+x4+Y), (1+x), (14+y), (2.12)
n=0 &k=0 k! (1+x) (1—n—y)k - &n=0 (X)n (¥)n (1+2+¥)m (D ’ o

213 ASVP PIF-9.005 FASVE Reg. No. AZM 56172013-14



_“" % ARYAVART SHODH VIKAS PATRIKA IS5 N .-2247-2944(Print)

I BNl TITLED NG, UPBILMM292 eISEN NO.-2582-245 4 (Online)
RNI REC N0, UPBIL/201 446215 Vial.«15, Mo, Issues23, VEAR- Jan-March-2022
(1+¥)asi

Now applying the identity (1.1) and replacing 4, ., by and taking B, = 1

(1+x)n+k (L
in (2.1.2), we get:

- " (1+x=¥)p (14¥)
111+ y, 1+ x5z x 11y, 1+ x5 —z] =Eis o mx;“““m:}': (2.1.3)

Where m is the greatest integer <

I

2.2 Next, Summation (1.5) can be written as:

En (=1} (—n—2x)g (V)i = (Da(1+2+¥kn (142w (1+¥)m (2.2.1)
k=0 ki(—n-x) (1+2y)y ~ (142)n (1429)m(1+2+Y)n (D =
Multiply both side by A,Z™ and summing over n from 0 to = in (2.2.1), we have
zﬂ:m E_“ -"‘-ltzﬂ (—ﬂjk (_n_zx}k G’]’k - o Aﬂzﬂ. (1}ﬂ (1+x+}']’rt (1+Ijm f1+}':|ht (1 2 EJ
n=0 =0 k\(—n—x), (1+2¥), =0 " 4x), (142y), (A+x+¥)y (D e
(1+x)y i p

Now applying the identity (1.1) and replacing A4,, ;. by and taking

(42205 (Ui
B,k =1 in (2.2.2), we get:

I (L4x=y)y, (1420 (1+¥) 1

Fy , . Fila gl =
1114+ x; 1+ 2y; z] x 17 y; 1+ 2y; —z] = ¥5zo T 20n (13290, (Lxty)m (1 (2.2.3)
Where m is the greatest integer < ;
2.3 Further, Summation (1.6) can be written as:
3 b 1
s ()i (b 20 (L4y _ ()" WnlGHz+hm [:Hi}ﬂ—, 23.1)

K1+ 3r0R(1420;  (2+b+220)n G0 (Ui

Multiply both side by 4,,Z™ and summing over n from 0 to 2 in (2.3.1), we have:

AnZ" ()" Wty tom (143)
(2+b+22) G+X)m (Dim

(2.3.2) Now applying the identity (1.1) and replacing A,,,; by
(2+b+2x) 00k Bavk

Em_“ zﬂ::; .4."2“ f—'ll}k |:2+ﬁ+21'}*: f1+I}k = ;\;_ﬂ
W=l Lom=ll K14+ ) (14+22)i n=

¥

- and taking B, . =1 in(2.3.2), we get:
n+k
i b b
_,  I"(2+b+2x 1 _nk . (=" G45+X) | 145
Il‘:;lzﬂ (24b+22)y 25 (142)(=E) =¥, 22 ( I)m , {23.3}

k! n!|;1+;+xjm;1+1x}k {%"‘-’-"}m (Dm
Where m is the greatest integer < E

1.4 Further, Summation (1.7) can be written as:
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nmo_(C0F @ W)k Ok G (140),
n=0 k![;}k(-'“rﬂ—ﬁ]lx (1+a+n)y  (14a-b),

(2.4.1)

Multiply both side by A,Z" and summing over n from 0 to o in (2.4.1), we have:

A2 (DM (@i (45 B(-me o, A2 (14a),
k![%}k[1+u—bjk (1+a+n);, T oam=0 g p), *

Yn=0 Lik=0 (2.4.2)
-
(Dek(1+ @ik
taki“g Bk = [1 ta- b)n+k and B, = a, .Bn in (2.4.2),

Now applying the identity (1.1) and replacing A, by B, ., and

We get:

e 2" (@i Bkl (143) 01 (D)
kn=0 ki () (1+a-b)y (1+a)n4zk

= 2f[a,B;1 4+ a-b; Z), (2.4.3)

2.5 Next, Summation (1.8) can be written as:

ken (@) ) (n)  _ _(@=2b)n (1470-Bn (-B)n
“=0k(1+a-B)y (142b-n) ~  (14a-b), Ca-blu(~2b)y

: (2.5.1)

Multiply both side by A,Z™ and summing over n from 0 to « in (2.5.1), we have:

wee ymmn Al @k O (Wi _ g A" (@2b)n (Ligab)n (b
n=0 =n=0 ji(1+a—b), (1+2b-n); =0 (ta-b), (3a-b)n(~2b)y
[_Eﬁ)nﬂc
(Lhn+k

, (25.2)

Now applying the identity (1.1) and replacing A, by B,y and B, = 1 in

(2.5.2), we get:

1
[1 -7 2b W EFI ['Lb.:i"‘ﬂ—ﬁii_.l - EFI a- Zb' 1 + Eﬂ : bl’ _bJ z \ (2.5.3]
1+a->b Ea—b;

2.6 Setting, Summation of (1.9) can be written as:

w @Ok nk  (a2b), (<),
"= uia) (1+a-b)y (1+azb-n),  (1+a-bly (~2b),

(2.6.1)

Multiply both side by A,Z™ and summing over n from 0 to c in (2.6.1), we have:
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nmes on  AnZl(@)k (Tbga)y (B (=n)x y AnZ™a=2b)y (=Bly 2.6.2
n=0 k=0 1 = Ln=0 ~qia-b), (=2b), ' (2.6.2)

k!(za)k (1+a=b)g (1+a2Zb-n);

(=28 n 4k B

Now applying the identity (1.1) and replacing A, _, by D
n+k

n+k and Bn+k =
1 in (2.6.2), we ge{:

1
a, 1+-=a, b; z
(1 — z}zb x 3F2 : . . = 2F1 [a—2b—b: 1+a—b; z]ﬁ (26.3)
Eﬂ, +a—-pn;

2.7 Again, Setting summation (1.10) and multiply both side by A,Z" and summing over
n
from 0 to o« in (2.7.1), we have:

e o AnZ™(@) (1430 (B)g (—m)g
=0 Sk Cagk (L+atm

= Er=l]"':|u;'1nIl [1 + ﬂ)m {2-7-”‘

1

Doy Dntk and

Now, applying the identity (1.1) and replacing 4, by
taking B,, = 1 in (2.7.1), we get:

z" (a) (1+—ﬂ}a—f -z)k

L kn=0 = %, (2.7.2)

k'n! I:—ﬂ}k (1+a)g

Again, taking B, = a, b, z=-1 and applying [Slater [23; App. I11 (1IL5)]], we get:

g @tk (Bnsk @k (14500 (~DF _ T(1+a—b) 1(147a)
K0 kini(1 +a—b)pyy (20)g (14a)yze  [(142a—b)[(1+a) ’

(2.7.3)

2.8 Further, Setting summation of (1.11) and multiply both side by A,Z" and
summing over n from 0 to « in (2.8.1), we have:

n=oo AnZ™ () El%ﬂik () (he ()i ()i (—M)i

n=0 k=0 ki (Ga)s (L+a—b)y (1+a—c)y (1+a—d)y (1+a—e), (1+atn),

w AZ"(1+a), (1+a—b—c), (1+a—b—d), (1+a—c—d-n), 281
=0 (1+a-b)y (1+a—c)n (1+a—d)y (1+a—b—c—d)y (2.8.1)

—
(Dnsn(1+a)pn 4k
taking B, = (1+a-d),(1+a-b—-c—d), in(2.8.1), we get:
@ {1+a_d}n+kEl+ﬂ_b_f—d}n+kzntﬂ}k':1"_;‘1}1: (b (©)xld) ()i (1)
=i kin! (1+a—b)y (1+a—c)g(1+a—dg (1+a—e)g(1+a)nszk -
1+a—b—c, 14+a—b—-d, 1+a—c—d;

3 2[ 1+a-b, 1+a—c , (2.8.2)

Now, applying the identity (1.1) and replacing A, by B, r and

216 ASVP PIF-9.005 FASVE Reg. No. AZM 56172013-14



% . ARYAVART SHODH VIKAS PATRIKA IS5 N .-2247-2944(Print)
| ENITITLED NO.  UPBILO4292 eISSN NO.-2582-245 4 (0nline)
. RNI RECL N0, UPBIL/Z014M62 15 V.15, Weu- I, ssues-23, VEAR- Jan-March-2022

REFERENCES

Bailey W.N., Series of hyper geometric type which are infinite in both directions", Quart. J. math (Oxford),
T(1936), 105-115.

S.P. Singh, "Certain transformation formulae for g- series, J. Pure Appl. Math; Vol .31 {10), 2000, pp.
1369-1377.

A Verma & VK. Jain, "Certain summation formulae for g-series”, I. Indian Math. Soc; Vol 47, 1983, pp.
T1-85.

Verma & V.K. Jain, "Some summation formulae for basic hyper geometric series, Indian . Pure Appl.
Math; Vol. 11(8), 1980, pp.1021-1038.

L.1. Slater, "Generalized hyper geometric series; Cambridge University Press 1966,

Bailey, W. N., Generalized hyper-geometric series, Cambridge University Press, Cambridge (1935).

e fe e

217 ASVP PIF-9.005 FASVE Reg. No. AZM 56172013-14



